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ABSTRACT

We review light scattering experiments near the critical point (Tc, ρc) in

fluid systems in particular the central Rayleigh peak in the frequency spectrum.

Within a nonasymptotic renormalization group theory we calculate the crossover

function between several regions: (i) from the background to the asymptotic re-

gion, (ii) from the hydrodynamic region (wave length � correlation length) to

the critical region (wave length � correlation length), (iii) from critical densities

to noncritical densities. Contrary to the mode coupling expression the appropri-

ate scaling function is well defined in all limits of its arguments. At Tc we also

consider the crossover in the wave vector dependence of the linewidth. We then

compare our theoretical result with experiments pure liquids. In doing so we

choose the nonuniversal parameters in consistency with the transport coefficients

(i.e. the shear viscosity) for the same substance which can be evaluated within

the same formalism.

KEY WORDS: characteristic frequency; critical point; dynamic critical phe-

nomena; light scattering; renormalization group theory; transport coefficients
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1. INTRODUCTION

Light scattering is a common technique to investigate the transport proper-

ties of a fluid system. Especially the characteristic frequency ωc, defined as the

half width at half height of the central Rayleigh peak in the frequency spectrum,

provides useful information about the dynamical properties of the system.

Far away from the critical point in the background region, characterized by

small values of the correlation length ξ or large values of the wave vector k,

the behavior of the characteristic frequency is described by the van Hove theory.

In the hydrodynamic region for small values of kξ the characteristic frequency is

given by ωc = DT (T, ρ) k2 with DT (T, ρ) being the regular thermal diffusivity (the

ratio of the nonsingular thermal conductivity and the specific heat at constant

pressure), whereas in the ’background’ critical region, for large values of kξ, the

characteristic frequency is proportional to k4.

In the vicinity of the critical point, characterized by large values of ξ or small

values of k, fluctuations determine the form of the characteristic frequency. In

the critical limit for large values of kξ the power law behavior ωc ∼ kz with the

dynamical critical exponent z ≈ 3 is expected. In the hydrodynamic limit for

kξ → 0 the characteristic frequency is again given by ωc = DT (T, ρ) k2 but now

with a singular Onsager coefficient and thus a diverging thermal conductivity.

Within the nonasymptotic renormalization group theory we are able to de-

scribe the crossover from the asymptotic region to the background region as well

as from the hydrodynamic region to the region of large wave vectors quantita-

tively and compare our theory to experiments in pure liquids.
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2. THE CHARACTERISTIC FREQUENCY

The characteristic frequency ωc can be found from the dynamic order param-

eter correlation function within the dynamic model H, which is shortly reviewed

in Ref. [1]. In one-loop perturbation theory the characteristic frequency can be

found from the order parameter vertex function so that after renormalization ωc,

expressed in terms of the renormalized model parameters Γ(	) and ft(	), is found

to be of the form

ωc(k, ξ) = Γ(	) k2(ξ−2 + k2)

{
1− f 2

t (	)

16

[
−5 + 6 x−2 ln(1 + x2)

]}
(1)

with x = kξ. The temperature dependence enters via the flow equations for

the mode coupling ft(	) and the Onsager coefficient Γ(	), which are given by

Eqs. (7) and (8) of Ref. [1]. Other than for the evaluation of the frequency

dependent shear viscosity the connection between the flow parameter 	 and the

correlation length or the wave vector respectively is found from the matching

condition (which arises naturally within the calculation of the vertex function)

(
ξ−1
0 	

)2
= ξ−2 + k2 , (2)

where ξ0 is the amplitude in the power law for the correlation length ξ = ξ0t
−ν .

As described in Ref. [1] the correlation length may also be expressed in terms of

the reduced density using the cubic model.

In order to discuss the various limits of the characteristic frequency it is

useful to rewrite Eq. (1): Extracting the critical asymptotics the characteristic

frequency reads

ωc(k, x) = Γas kz

(
1 + x2

x2

)1−xλ/2

[cna(k, x)]xλ f(k, x) (3)
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with x = kξ, z = 4 − xλ. The critical exponent of the thermal conductivity xλ

is related to the exponent of the shear viscosity xη by xλ + xη = 1 in one loop

order. The function f(k, x) defined as (f ∗2
t is the fixed point value of the mode

coupling)

f(k, x) = 1− f ∗2
t

16 cna(k, x)

[
−5 + 6 x−2 ln(1 + x2)

]
. (4)

The nonasymptotic contributions are collected in

cna(k, x) =


1 + k

k0

√
1 + x2

x2


 (5)

so that the asymptotic region is characterized by cna(k, x) = 1 and there the fre-

quency can indeed be written in scaling form with the scaling function f depend-

ing only on the variable x = kξ. And finally the asymptotic Onsager coefficient

Γas and the crossover wave length k0 are given by

Γas = Γ0

(
f 2

0 	0

f ∗2
t ξ0

)xλ

, k−1
0 =

(
f ∗2

t

f 2
0

− 1

)
ξ0

	0

(6)

containig the nonuniversal initial values Γ0, and f0 at 	0 corresponding to a

temperature t0.

3. CROSSOVER BEHAVIOR

We start this section with a discussion of the various limits of the character-

istic frequency: In the hydrodynamic limit x = kξ → 0 we find

lim
x→0

ωc(k, ξ) = Γas k2 ξ−2+xλ

[
1 +

1

x0

]xλ
{
1− f ∗2

t

16

[
1 +

1

x0

]−1
}

, (7)

with x0 = k0ξ. Here the coefficient of k2 is the nonasymptotic expression for the

temperature dependent thermal diffusion coefficient DT (ξ) discussed in Ref. [2]
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so that we can rewrite Eq. (7) in the well-known form ωc = DT (ξ)k
2 for the

hydrodynamic region. In the opposite critical limit x → ∞ we have

lim
x→∞ωc(k, ξ) = ωc(k) = Γas kz

[
1 +

k

k0

]xλ


1 + 5f ∗2

t

16

[
1 +

k

k0

]−1

 , (8)

which is the wave vector dependent nonasymptotic expression of the characteristic

frequency. Both nonasymptotic expressions allow to discuss the crossover from

the asymptotic limit ξk0 → ∞ or k/k0 → 0 to the background limit ξk0 → 0 or

k/k0 → ∞ respectively. In the hydrodynamic case we obtain the limits

lim
ξk0→∞

ωc(k, ξ) = Γas k2 ξ−2+xλ

(
1− f ∗2

t

16

)
, (9)

lim
ξk0→0

ωc(k, ξ) = Γ0 k2 ξ−2

(
1− f 2

0

f ∗2
t

)xλ

, (10)

where we used the expression for k0 given in Eq.(6) for the last limit. In the

background limit our expression reaches the van Hove behavior ωc ∝ k2ξ−2. In

the critical region we obtain

lim
k/k0→0

ωc(k) = Γas kz

(
1 +

5f ∗2
t

16

)
, (11)

lim
k/k0→∞

ωc(k) = Γ0 k4

(
1− f 2

0

f ∗2
t

)xλ

, (12)

where again we reach the van Hove theory for large values of the ratio k/k0. This

means that our results for the characteristic frequency describe the crossover in

the correlation length (from ξ−2+xλ to ξ−2) in the hydrodynamic region character-

ized by the limit x → 0 as well as the crossover in the wave vector (from kz to k4)

in the critical region characterized by the limit x → ∞. This is shown in Fig. 1

where we have plotted the dimensionless characteristic frequency ωc/Γ0k
2 as func-

tion of the wave vector and the correlation length along the critical isochore. In
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Fig. 2 we have plotted ωc/Γ0k
2 as a function of the reduced temperature for

various values of the reduced density and the wave vector using the cubic model

described in Ref. [1] (the density enters via the correlation length in the matching

condition). Only at zero wave vector and along the critical isochore (that means

for ∆ρ = 0) we can see the asymptotic power-law behavior ωc ∼ ξ−2+xλ ∼ tν(2−xλ)

and the crossover to the van Hove theory with ωc ∼ t2ν whereas for noncritical

densities or non vanishing wave vector the dimensionless characteristic frequency

approaches a finite value for t → 0.

We have seen that with our nonasymptotic theory we always reach the van

Hove behavior in the nonasymptotic limit for large values of the wave vector or

small values or the correlation length respectively. This is shown very well in

Ref. [3] where we have plotted the ratio of the full characteristic frequency to its

van Hove expression. This behavior is different from the nonasymptotic mode

coupling expression of Olchowy [4] (a recent improvement of this theory is found

in Ref. [5]) which does not yield the van Hove theory in the nonasymptotic region

but instead becomes negative for large values of the variable x [3]. This region

of unphysical negative values of the characteristic frequency is always reached

at constant correlation length when the wave vector becomes larger than the

nonuniversal parameter qD. On the other hand the parameter qD cannot be set

to infinity as this limit yields an unphysical divergence in the hydrodynamic limit

for ξ → 0 [5].
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4. COMPARISON WITH EXPERIMENTS

In Ref. [3] we have compared our asymptotic theory to the theoretical results

of Kawasaki and Lo, Paladin and Peliti and Burstyn et al. [6] so that we shall

compare our theory only to various experiments in this paper. We start this

comparison with the experimental Xenon data of Swinney and Henry [7]:

In Fig. 3 we compare our asymptotic (for cna = 1) and nonasymptotic (for

cna 	= 1) theory for the characteristic frequency ωc/k
2 with the experimental

Xenon data (all nonuniversal parameters are indicated in the figure). As discussed

in Ref. [2, 3] we can treat the exponent xλ = 1−xη as an additional free parameter

in the expression for the Onsager coefficient (see Ref. [1]) so that we can fit the

initial value of the mode coupling f0 and the exponent xη from the experimental

data for the characteristic frequency and e.g. the shear viscosity (the initial value

of the Onsager coefficient Γ0 is determined by the value of the shear viscosity

at t0). Following the fit procedure described in Ref. [1] we get the parameter f0

from the characteristic frequency data and the exponent xη from the microgravity

shear viscosity data of Berg et al. [8]. In doing so we find good agreement for

the characteristic frequency (Fig. 3) as well as for the frequency dependent shear

viscosity [1].

As we can see in Fig. 3 the experimental data are not described correctly

by our asymptotic expressions but only by the nonasymptotic expressions which

show the crossover to the van Hove theory for large values of the reduced tem-

perature t. Analogously any asymptotic theory [6] fails to describe the experi-

mental data correctly. In Ref. [7] this problem was eliminated adding a regular
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background contribution of the form ωB
c = (λB/ρcp)k

2(1 + x2) to the critical

expression for the characteristic frequency with λB being the regular part of the

thermal conductivity and cp the full specific heat at constant pressure containing

also critical contributions. The use of the full specific heat together with the term

1+x2 ensures the crossover to the van Hove theory for large values of the reduced

temperature as well as for large values of the wave vector (the background charac-

teristic frequency is proportional to k2ξ−2 for x → 0 and to k4 for x → ∞) so that

the full characteristic frequency ωc = ωC
c + ωB

c obtained by this procedure yields

basically the same curves as our nonasymptotic theory (see Fig. 6 of Ref. [7]). As

discussed in Ref. [3] we have to use a background characteristic frequency of the

form ωB = DB
T (T, ρ)k2 − DB

T (Tc, ρc)k
2, with the background thermal diffusivity

given by DB
T = λB/ρcB

p and the background specific heat cB
p containing only the

regular temperature dependence without the critical singularity, in our theory. As

this background term turns out to be negligibly small in the temperature range

shown in Fig. 3 we have neglected it so that our asymptotic and nonasymptotic

curves for Xe contain only the critical contributions discussed in this paper. So

the main difference between our nonasymptotic theory and the results of Ref. [6]

is that the crossover to the van Hove theory, which is clearly seen in experiments,

is already contained in our expressions for the characteristic frequency and not

added by an appropriate form of the background contribution!

The crossover from the asymptotic to the background behavior can be seen

most easily looking at the relevant values of the mode coupling which are shown

in Fig. 4. There we have plotted the mode coupling as a function of temperature
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and wave vector. The experimental region (dark area) for the Xenon data covers

the slope of the crossover from asymptotics to background.

CONCLUSION

We were able to show that our one-loop perturbation theory result for the

characteristic frequency evaluated within the field theoretical method of the

renormalization group theory does not only reproduce the correct wave vector

and correlation length dependence in the hydrodynamic region as well as in the

critical region but is also able to describe experimental data sufficiently well for

a large range of wave vectors and reduced temperatures.

There are however some points which indicate the need for a two-loop analy-

sis of the model: First we have seen that in one-loop order the dynamic correlation

function is always of Lorentzian form whereas scaling theory [9] predicts devia-

tions for large frequencies. Second the comparison of the frequency dependence

of the shear viscosity with experimental data [1] also requires the calculation of

the vertex function up to two-loop order.
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FIGURE CAPTIONS

Fig. 1. Dimensionless characteristic frequency ωc/Γ0k
2 as a function of the wave

vector (top) and the inverse correlation length (bottom). We can see the crossover

from the asymptotics to the van Hove background.

Fig. 2. Dimensionless characteristic frequency ωc/Γ0k
2 as a function of the

reduced temperature t at constant wave vector (top: k = 105 cm−1; bottom

k = 0 cm−1) and various values of the reduced density ∆ρ.

Fig. 3. Comparison of the asymptotic (dashed lines) and nonasymptotic (full

lines) expressions for ωc/k
2 with the Xe-data of Ref. [7]; from [3].

Fig. 4. Mode coupling f 2
t (t, ω) (all nonuniversal parameters for Xenon) as a

function of the reduced temperature t and the dimensionless wave vector kξ0

along the critical isochore. For small values of the wave vector and the reduced

temperature we reach the fixed point value f ∗2
t = 24/19. The dark region marks

the range of experimental data for the characteristic frequency in Xenon.
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